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Abstract
In order to calculate the ρ0 − ω mixing we extend the chiral couplings of the low-
lying vector mesons in chiral perturbation theory to a lagrangian that contains two
vector fields. We determine the p2 dependence of the two-point function and recover
an earlier result for the on-shell expression. We discuss the off-shell behaviour of
the mixing.
1 Introduction
Chiral perturbation theory (CHPT) [1, 2, 3] is an effective low energy theory that
describes first of all the interactions of the pseudoscalar meson octet. They are
the Goldstone bosons of the spontaneously broken chiral symmetry in QCD with
three light flavours. The chiral lagrangian is expanded perturbatively in the three
small quark masses and in the derivatives of the fields. At lowest order p2 the
effective lagrangian is given by the non-linear σ-model coupled to external fields. In
[2] the authors include the ρ meson in order to estimate the next to leading order
coupling constants in CHPT via resonance exchange, in [4] this work is extended
to general meson exchange in chiral SU(3). The couplings of the resonances to the
pseudoscalar mesons are considered at lowest order in the chiral counting and linear
in the resonance fields.
In the vector meson sector, (ρ+, ρ0, ρ−) represents a (nearly) degenerated isospin
triplet, whereas ω is an isospin singlet. However, isospin is not an exact symmetry,
it is broken by the quark mass differencemu−md and the electromagnetic interaction
and therefore ρ0 and ω mix. We calculate this mixing in the framework of CHPT.
Here we determine the lowest order couplings of the pseudoscalar mesons to the
vector mesons quadratic in the vector fields. We restrict ourselves to the couplings
that we need for ρ0− ω mixing and represent the vector fields in the antisymmetric
tensor notation [2, 4]. It has been proven [5] that this representation is equivalent
to the vector field formulation, to the description that involves massive Yang-Mills
fields [6] and to the model with hidden gauge vector bosons [7].
We give the two-point function for ρ0−ω mixing and find that the on-shell expression
corresponds to the result given by Gasser and Leutwyler [8]. Numerically it can be
estimated from the decay ω → ρ0 → π+π−. The mixing is dominated by the strong
interaction, determined at this order by the quark mass ratio R = (ms − mˆ)/(md −
mu) with mˆ = (mu +md)/2. The branching ratio B(ω → π+π−) has changed since
1982 from 1.4 to 2.2%, therefore we give an update of the value of R.
The vector mesons in the tensor representation can be related to the usual vector
formalism by the definition (see section 2)
Vµ =
1
M
∂νVνµ, (1)
where M denotes the mass of the particle. With this definition, the couplings of
the vector mesons are soft: for a vanishing four-momentum the vector resonances
decouple. This implies that the ρ0 − ω mixing amplitude has a zero at p2 = 0.
O’Connell et al. [9] have shown that a broad class of models contains this feature.
However, the decoupling which occurs in two-point functions and in hadronic form
factors [10] does not a priori show up in matrix elements without external vector
mesons, e.g. nucleon-nucleon scattering with resonance exchange. This point will
be discussed in section 4.
In section 2 we present the lagrangian of CHPT at leading order and give the
properties of the vector mesons in the antisymmetric tensor notation. In section
3 we determine the couplings quadratic in the resonance fields and pin down the
coupling constants by using large NC arguments [11], the Zweig rule [12], and the
quark model counting for the vector meson masses at first order in the quark mass
expansion [8]. In section 4 we calculate the two-point function for ρ0−ω mixing and
compare our numerical result for the on-shell expression with the calculations found
in the literature. We evaluate the quark mass ratio R from the mixing amplitude
and discuss the off-shell behaviour of the two-point function and its consequence on
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nucleon-nucleon scattering involving ρ0 − ω exchange.
For a introduction to the various topics we refer the reader to recent reviews of
CHPT [13] and ρ0 − ω mixing [14, 15].
2 Field properties and dynamics
The chiral lagrangian can be expanded in derivatives of the Goldstone fields and in
the masses of the three light quarks. One derivative counts as a quantity of O(p),
the masses are of order O(p2) and the fields themselves are O(p0). The effective
lagrangian starts at O(p2), denoted by L2. It is the non-linear σ-model lagrangian
coupled to external fields, respects chiral symmetry SU(3)R×SU(3)L and is invariant
under P and C transformations [2, 3],
L2 = 1
4
F 20 〈dµU †dµU + χU † + χ†U〉. (2)
The brackets 〈· · ·〉 denote the trace in flavour space, U is a unitary 3×3 matrix and
incorporates the fields of the eight pseudoscalar mesons,
U = exp (iΦ/F0), detU = 1,
Φ =
√
2


1√
2
π0 + 1√
6
η8 π
+ K+
π− − 1√
2
π0 + 1√
6
η8 K
0
K− K¯0 − 2√
6
η8

 . (3)
dµU is a covariant derivative incorporating the external vector and axialvector cur-
rents vµ and aµ, respectively,
dµU = ∂µU − i(vµ + aµ)U + iU(vµ − aµ), (4)
disregarding singlet (axial)vector currents, we put tr vµ = tr aµ = 0. χ represents the
coupling of the mesons to the scalar and pseudoscalar currents s and p, respectively,
and s incorporates the mass matrix
χ = 2B0(s+ ip),
s = M+ · · · =


mu
md
ms

+ · · · (5)
F0 is the pion decay constant in the chiral limit (M = 0), Fpi = F0 [1 +O(mq)]
and B0 is related to the quark condensate 〈0|u¯u|0〉 = −F 20B0 [1 +O(mq)]. The
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transformation properties under SU(3)R × SU(3)L are
U → gRUg†L
vµ + aµ → gR(vµ + aµ)g†R + igR∂µg†R
vµ − aµ → gL(vµ − aµ)g†L + igL∂µg†L (6)
s+ ip → gR(s+ ip)g†L
gR,L ∈ SU(3)R,L.
To be consistent in the chiral counting, vµ and aµ count as O(p), s and p are of
order O(p2). For the representation of the vector mesons we follow [2, 4, 5], using
the antisymmetric tensor notation Vµν . The lagrangian for free particles is given by
LVfree = −
1
2
∂µVµν∂ρV
ρν +
1
4
M2VµνV
µν , (7)
from where we derive the equation of motion,
∂µ∂ρV
ρν − ∂ν∂ρV ρµ +M2V µν = 0, (8)
and the free propagator
〈0|T Vµν(x)Vρσ(y)|0〉 = i
∫
d4k
(2π)4
e−ik(x−y)∆µνρσ,
∆µνρσ =
1
M2
(
Gµνρσ +
1
M2 − k2Pµνρσ
)
(9)
Gµνρσ = gµρgνσ − gµσgνρ
Pµνρσ = gµρkνkσ − gµσkνkρ − gνρkµkσ + gνσkµkρ.
This corresponds to the normalization 〈0|Vµν |V (p)〉 = i(pµǫν − pνǫµ)/M , where ǫµ
represents the polarization vector. With the definition
Vµ =
1
M
∂νVνµ (10)
we obtain from (8) the Proca equation, ∂ρ(∂
ρV µ − ∂µV ρ) + M2V µ = 0, and the
two-point function
〈0|T Vµ(x)Vν(y)|0〉 = i
∫
d4k
(2π)4
e−ik(x−y)
(
gµν − kµkν
M2
)
1
M2 − k2 . (11)
The normalization is given by 〈0|Vµ|V (p)〉 = ǫµ.
The fields Vµν carry non-linear realizations of SU(3), the transformation under the
chiral group G = SU(3)R × SU(3)L is [4]
Vµν
G−→ h(ϕ)Vµνh†(ϕ) octet,
ω1µν
G−→ ω1µν singlet. (12)
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The non-linear realization h(ϕ) is defined by determining the action of G on an
element u(ϕ) of the coset space [SU(3)R × SU(3)L] /SU(3)V [16]
u(ϕ)
G−→ gRu(ϕ)h†(ϕ) = h(ϕ)u(ϕ)g†L, (13)
where ϕ represents the Goldstone bosons and U = u2(ϕ). For the octet part, a
covariant derivative is defined as
∇ρVρµ = ∂ρVρµ + [Γρ, Vρµ] (14)
with
Γρ =
1
2
{
u†[∂ρ − i(vρ + aρ)]u+ u[∂ρ − i(vρ − aρ)]u†
}
(15)
and Vµν in the matrix notation
Vµν =


1√
2
ρ0µν +
1√
6
ω8µν ρ
+
µν K
∗+
µν
ρ−µν − 1√2ρ0µν + 1√6ω8µν K∗ 0µν
K∗−µν K¯
∗ 0
µν − 2√6ω8µν

 . (16)
The covariant derivative is transformed like the field itself
∇ρVρµ G−→ h(ϕ)∇ρVρµh†(ϕ). (17)
Denoting the octet (singlet) mass in the chiral limit by MV (Mω1), the kinetic part
of the lagrangian takes the form
LVkin = −
1
2
〈∇ρVρµ∇σV σµ − 1
2
M2V VµνV
µν〉
−1
2
∂ρω1ρµ ∂σω
σµ
1 +
1
4
M2ω1ω1µνω
µν
1 . (18)
The interaction of the pseudoscalar mesons with one vector meson starts at order
O(p2). The interaction lagrangian contains the octet fields only, there is no coupling
to the singlet at this order [4],
LV2 =
FV
2
√
2
〈Vµνfµν+ 〉+
iGV
2
√
2
〈Vµν [uµ, uν]〉, (19)
where
fµν+ = uF
µν
L u
† + u†F µνR u
F µνR,L = ∂
µ(vν ± aν)− ∂ν(vµ ± aµ)− i[vµ ± aµ, vν ± aν ] (20)
uµ = iu†dµUu† = u†µ.
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We refer to [4] for a complete list of all the terms that can couple to the resonances
and their properties under P and C transformations. FV and GV are real coupling
constants that are not restricted by chiral symmetry [5]. For later use we include
the electromagnetic interactions in LV2 by adding the photon field Aµ to the vector
current,
vµ ± aµ → vµ +QAµ ± aµ, (21)
where Q is the charge matrix of the three light quarks, Q = e diag(2/3,−1/3,−1/3).
The corresponding kinetic part of the photons reads
Lγkin = −
1
4
FµνF
µν − 1
2
(∂µA
µ)2 (22)
with Fµν = ∂µAν − ∂νAµ and the gauge fixing parameter chosen to be λ = 1.
3 Interaction quadratic in the vector mesons
In this section we construct the lagrangian with two vector fields coupled to the
pseudoscalar mesons. We restrict ourselves to the part that is relevant for ρ0 − ω
mixing at lowest order,
Lρω2 = v8〈VµνV µνχ+〉+ v˜8〈VµνV µν〉〈χ+〉
+v18 ω1µν〈V µνχ+〉+ v1 ω1µν ωµν1 〈χ+〉, (23)
where χ+ = u
†χu† + uχ†u. In order to pin down the coupling constants in Lρω2 we
make the following assumptions.
(i) In the large NC limit [11] the product of two traces is suppressed by at least one
power of NC . Therefore we will put v˜8 = 0. Furthermore, for NC → ∞ the octet
and singlet mesons are degenerated and thus MV = Mω1 .
(ii) The Zweig rule [12] implies that the ω-meson is free of ss¯, the φ− ω mixing is
ideal,
|φ〉 = cos θV |ω8〉 − sin θV |ω1〉,
|ω〉 = sin θV |ω8〉+ cos θV |ω1〉 (24)
with tan θV = 1/
√
2. On the same footing we assume that there is no ρ0−φ mixing
in the lagrangian Lρω2 .
(iii) For the masses of the vector mesons at order O(p2) we invoke the quark counting
rule [8]. We keep the eigenstates of the kinetic lagrangian LVkin, there are no first
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order mass shifts from ρ0 − ω mixing. In addition we work (for the masses only) in
the isospin limit mˆ = mu = md,
Mρ = Mω = MV + 2mˆ,
MK∗ = MV + mˆ+ms, (25)
Mφ = MV + 2ms.
The nearly flavour independent differences [17]
M2ρ −M2pi = 0.58 GeV2, M2K∗ −M2K = 0.55 GeV2, (26)
and the lowest order mass formulae for the Goldstone bosons
M2pi = 2B0mˆ, M
2
K = B0(mˆ+ms), (27)
lead to the relation MV ≃ B0/2. Taking all the assumptions into account, we arrive
at
v8 =
1
8
, v˜8 = 0, v18 =
1
4
√
3
, v1 =
1
24
. (28)
The lagrangian takes the simple form (omitting terms that are not relevant for ρ0−ω
mixing)
LVkin + Lρω2 = −
1
2
∂λρ0λµ ∂σρ
0σµ +
1
4
M2ρρ
0
µνρ
0µν
−1
2
∂λωλµ ∂σω
σµ +
1
4
M2ω ωµνω
µν +Mρ(mu −md)ρ0µνωµν , (29)
where we have replaced MV by Mρ in the interaction term, but kept in the mass
term the different notation for Mω and Mρ.
4 Mixing amplitude
The contributions to lowest order ρ0 − ω mixing are the contact term in (29) and
the one-photon exchange from the lagrangian LV2 linear in the vector fields in (19).
The Fourier transform of the two-point function in the tensor notation has the form
i
∫
d4xeipx〈0|T ρ0µν(x)ωρσ(0)ei
∫
d4y{LV2 +Lρω2 }|0〉 =
2Mρ(mu −md)
M2ρM
2
ω
{
Gµνρσ +
[
1
M2ρ − p2
+
M2ρ
(M2ρ − p2)(M2ω − p2)
]
Pµνρσ
}
+
1
3
e2F 2V
(M2ρ − p2)(M2ω − p2)p2
Pµνρσ. (30)
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For the calculation of the on-shell amplitude, we consider the decay ω → ρ0 → π+π−.
We find
Γ(ω → π+π−) = Θ
2
ρωΓ(ρ
0 → π+π−)
|M2ω −M2ρ − i(MωΓω −MρΓρ)|2
≃ Θ
2
ρω
4M2ρ
· Γ(ρ
0 → π+π−)
(Mω −Mρ)2 + 14(Γω − Γρ)2
, (31)
where we introduced the widths Γρ and Γω in the propagator and
Γ(ρ0 → π+π−) = 1
48π
G2VM
3
ρ
F 40
(
1− 4M
2
pi
M2ρ
)3/2
,
Θρω = 2Mρ(mu −md) + 1
3
e2F 2V . (32)
The amplitude Θρω has already been determined in [8], where the strong interaction
part was derived in a quantum mechanical approach,
Θρω = 2Mρ
[
−md −mu
ms − mˆ (MK
∗ −Mρ) + e2FρFω
2Mρ
]
. (33)
If we identify Fρ = FV , Fω =
1
3
FV and insert the masses for the vector mesons from
(25) we get the same expression for Θρω. With the experimental decay widths [17]
we find the value
Θρω = (−3.91± 0.30)× 10−3 GeV2. (34)
The sign is determined from the relative phase of the ω and ρ amplitudes in e+e− →
π+π− near Mρ [18]. The error in (34) is entirely due to the uncertainty in the decay
width Γ(ω → π+π−). If we neglect the mass difference (Mω−Mρ) and the width Γω
in (31), the mixing amplitude decreases to Θρω = −4.08× 10−3 GeV2. Our result in
(34) is in agreement with the values quoted in the literature, with the exception of
the recent result of Friedrich and Reinhardt [21],
Θρω
[
×10−3 GeV2
]
references
−4.52± 0.60 Coon and Barrett [19]
−3.74± 0.30
−4.23± 0.68
−3.67± 0.30

 Bernicha et al. [20]
−3.97± 0.20 O’Connell et al. [15]
−4.85 Friedrich and Reinhardt [21]
(35)
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From the expression in (33), Gasser and Leutwyler determined the quark mass ratio
R = (ms − mˆ)/(md −mu) to R = 44 ± 3 [8]. The branching ratio B(ω → π+π−)
changed in the meantime from 1.4 to 2.2%, motivation enough to give an update of
R. The value for Fρ can be obtained from the decay ρ
0 → e+e−,
Γ(ρ0 → e+e−) = 1
12π
e4F 2ρ
Mρ
,
Fρ = 152± 4 MeV. (36)
This leads to the estimate
R = 40.7± 3.0, (37)
where we assumed again that Fρ/Fω = 3, as it turns out from the lagrangian LV2 in
(19). Experimentally, this ratio is given by [17]
Fρ
Fω
=
[
MρΓ(ρ
0 → e+e−)
MωΓ(ω → e+e−)
]1/2
= 3.31± 0.15, (38)
which changes the meanvalue in (37) to R = 41.3. At this stage, there is poor
information about the uncertainties in the contribution from the strong interaction
part. We can ask whether or not the assumption in (25) is still a good approximation
beyond leading order in the quark mass expansion. For comparison we consider the
kaon and nucleon masses. One finds at the one loop level [3, 22, 23]
∂MK
∂mˆ
=
∂MK
∂ms
=
MK
2(mˆ+ms)
(1± 0.1),
mˆ
∂MN
∂mˆ
= σpiN = σ
tree
piN

1 + 6.8 MeV + 0.9× 10−2
◦
m
σtreepiN

 . (39)
The second entry in the bracket shows the correction from the one-loop contribution.
For σpiN we used a linear approximation (in
◦
m) of the result given in [23].
◦
m denotes
the mass of the nucleon in the chiral limit and σtreepiN = (92.7 MeV − 7.4 × 10−2
◦
m).
In contrast to the kaon mass, the one-loop contribution to the σ term is not small,
it is between 32%(
◦
m = 700 MeV) and 57%(900 MeV). We conclude that for the
vector mesons the mass formula (25) could underestimate the valence quark content
at next to leading order by an overall factor 1.5 . The meanvalue of the quark mass
ratio would change to R ∼ 27 . We leave this guess as it stands, we only take the
electromagnetic deviations from (38) into account, but keep in mind that there is
a strong dependence on the assumption in (25). We correct the value for R by
increasing the error bar and our estimate finally reads
R = 41± 4. (40)
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For the discussion of the off-shell mixing we consider again the two-point function
in (30). With the definition in (10) we arrive at
i
∫
d4xeipx〈0|T ρ0µ(x)ων(0)ei
∫
d4y{LV2 +Lρω2 }|0〉 =(
gµν − pµpν
p2
)
Θ(p2)
(M2ρ − p2)(M2ω − p2)
,
Θ(p2) =
p2
MρMω
Θρω, (41)
where Θρω is given in (32). Θ(p
2) contains a zero at p2 = 0 and is positive in the
spacelike region. It has been shown by O’Connell et al. [9] that in a wide range
of models the ρ0 − ω mixing amplitude must vanish at p2 = 0. Still we cannot
conclude that matrix elements involving ρ0 and ω as intermediate states show the
same decoupling. Consider nucleon-nucleon scattering, where the baryons are again
described by a 3 × 3 matrix that transforms under SU(3)R × SU(3)L in the same
way as the meson resonances [24],
B
G−→ h(ϕ)B h†(ϕ). (42)
Chiral symmetry and the invariance under P and C transformations lead to the
interaction lagrangian LBB¯V0 at lowest order with two baryons B, B¯ = B†γ0 and one
vector meson,
LBB¯V0 = a1σµν〈B¯{Vµν , B}〉+ a2σµνω1µν〈B¯B〉, (43)
where we leave the coupling constants a1, a2 undetermined, since we are interested
in the qualitative picture only and neglect the mass difference (Mρ −Mω) and the
electromagnetic contribution in the following. The amplitude of nucleon-nucleon
scattering with resonance exchange and ρ0 − ω mixing from (30) has the form (see
[24] for conventions)
T ρωNN(t) ∼ aNN
(
2 +
t(2M2ρ − t)
(M2ρ − t)2
)
= aNN
(M2ρ − t)2 +M4ρ
(M2ρ − t)2
, (44)
with aNN a flavour dependent constant (including Θρω) and t the momentum trans-
fer. We see a t dependence in the numerator which reaches its minimum at t =M2ρ
and is positive everywhere, therefore it does not change the sign in the spacelike re-
gion. Though the mixing amplitude Θ(p2) in (41) is linear in the momentum squared,
the numerator in the scattering amplitude (44) is not. However, the change in the
numerator moving from t = M2ρ to t < 0 is not negligible, a result which was first
claimed by Goldmann et al. [25].
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